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Non-Markovian dynamics in continuous measurement of a solid— state charge qubit 

JunYan Luop Lun-Wu Zhu, Xiao-Ling He, Bensheng Yun, and Shiping Ruan 
School of Science, Zhejiang University of Science and Technology, Hangzhou 310023, China 

HuJun Jiao 
Department of Physics, Shanxi University, Taiyuan, Shanxi 030006, China 

Continuous measurement of a quantum two-level system (qubit) by mesoscopic charge detectors 
has attracted wide attention in the community of solid-state quantum computation. In this work, we 
revisit the measurement of a charge qubit by a quantum point contact, with particular attention paid 
to the unique non-Mar kovian measurement characteristics. The finite-frequency-support feature due 
to non-Markovian correlation leads to a remarkable suppression of the pedestal in noise spectrum, 
which results in a drastic violation of the Korotkov-Averin bound, the upper limit of the single- 
to-noise ratio imposed quantum mechanically on linear detectors. For a large measurement voltage 
and bandwidth, the non-Markovian effect gives rise to a complete inhibition of coherent jumps 
(quantum Zeno effect), as identified by the telegraph noise peaks in the spectrum. 

PACS numbers: 03.65.Ta,72.70.-|-m,03.65.Yz,03.65.Xp 
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I. INTRODUCTION 

The dynamics of quantum measurement is an essen- 
tial element in the rapidly developing field of quantum 
computing [ij, l4|- So far, various mesoscopic devices 
have been proposed to monitor the continuous evolution 
of a charge qubit. Among them, especially interesting 
ones are electrometers, such as single electron transis- 
tor (SET) [i4l05 and quantum point contact (QPC) [TTL 
Il5| . whose conductance depends on the charge state of 
a nearby qubit. From the readout of the detectors, cor- 
relations in transport of all orders can be accessed by 
analyzing the full spectrum of counting statistics [16]. 

Evaluation of the shot noise and higher cumulants in 
FCS are often studied in the wide-band limit (WBL) 
and under Markovian approximation [17H2a |. The WBL 
neglects the energy-dependent densities of states in the 
electrodes. The Markovian approximation assumes the 
correlation time in the electrodes is much shorter than 
that in the reduced system. Yet, these approximations 
may not be always true in realistic devices. Recently, 
memory effects of environment on the noise character- 
istics were investigated, with important non-Markovian 
correlations b eing reveled |27H29J |. Flindt et al [30] and 
Aguado et al ^ studied the noise spectrum of a qubit 
under transport, with a non-Markovian treatment of the 
phonon bath. The non-Markovian correlations of elec- 
trodes were investigated in the context of a transport 
single quantum dot |32l . |33| , and a nanomechanical res- 
onator measured by a QPC [3J|, in which considerable 
difference in dynamics between the non-Markovian and 
Markovian cases was identified . 

The aim of this work is to study the unique non- 
Markovian dynamics in continuous measurement of a 
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charge qubit by a QPC. Our calculation is based on a 
time nonlocal generalized quantum master equation ap- 
proach [32, |35| , which is capable of treating properly the 
energy exchange between the qubit and detector. The 
finitc-frcquency-support feature due to non-Markovian 
correlation results in a remarkable suppression of the 
pedestal of the noise spectrum, which eventually leads 
to a drastic violation of the Korotkov-Averin bound, the 
upper limit of the signal-to-noise ratio imposed quantum 
mechanically on linear detectors [36]. Previous studies 
in the Markovian regime showed that resonant peaks in 
the noise spectrum were observed in the wide band and 
large bias limit, due to electron coherent jumps |37l.[38|. 
Yet, we find here that strong non-Markovian correlation 
results in complete incoherent jumps between the two 
states (quantum Zeno effect), as indicated by telegraph 
noise peaks in the spectrum. An increase in tempera- 
ture induces complex spontaneous qubit relaxation and 
dephasing. For a narrow bandwidth and large voltage, 
coherent oscillation is robust over a wide range of temper- 
atures. Spontaneous qubit relaxation causes delocaliza- 
tion of the electron, and thus lower the incoherent peak. 
Yet, different from the results reported in Ref. 39], the 
spontaneous relaxation observed here can not eliminate 
the Zeno effect completely. 

This paper is organized as follows. We begin in Sec.HIl 
with the model set-up of a charge qubit under the contin- 
uous measurement by a QPC. We then present in Sec.lIIII 
the time nonlocal generalized quantum master equation, 
unraveled into its 'W -resolved components. Numerical 
results and discussions are presented in Sec. lIVl and it is 
then followed by the conclusion in Sec.FVl 



II. MODEL DESCRIPTION 

The system under investigation is schematically shown 
in Fig.[TJ The qubit is represented by an electron tunnel- 
ing between two coherently coupled quantum dots. A 




FIG. 1: Schematic setup of a solid-state charge qubit mea- 
sured continuously by a quantum point contact. 



of applied bias voltage, and ^ = e = 1 for the Planck 
constant and electron charge. 

The Laplace transform of the correlation function used 
later is defined by 
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In the limit z — >■ ioj, it is further simplified to 
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The coupling spectrum function here is defined as 

/•OO 



(4) 



(5) 



(6) 



nearby QPC serves as a charge detector to continuously 
monitor the the position of the electron. The Hamilto- 
nian of the entire system is of Ht — -ffqu + Hd + H' , with 
the qubit, QPC detector, and their coupling parts being 
modeled respectively by 
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H'=J2J2^lqcicq-\s){s\+Jl.c., (Ic) 

s—a,b k,q 

where the pseudospin operators are Uz = |a)(a| — \b){b\ 
and (Jx = \0'){b\ + |&)(a|j respectively. The amplitude 
t% of electron tunneling through two reservoirs (a — 
L and R) of the QPC depends explicitly on the qubit 
state \s) (s == a or 6). By denoting Qs = |s)(s|, the 
qubit-QPC detector coupling in the Tfo-interaction pic- 
ture reads as H'{t) = Y^slIM + flit)] ■ Qs, with /,(t) = 
e'^°*(Efc9^fc?4c9)e"'^°*- The eflFects of the stochastic 
QPC reservoirs on measurement are characterized by the 
bath correlation functions ^^^/(t — r) = (/KO/s' (''')) 8'^d 
CgJ, (t — r) = {fsit)fl, (r)). By introducing the reservoir 
spectral density function 

these QPC coupling correlation functions can be reex- 
pressed as 



clfHt) 
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where fL'^\uj) = {1 + e±''("-^°)}-i are related to the 
Fermi function of the electrode a, and (3 — (fceT)"^ is 
the inverse temperature. Throughout this work, we set 
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'''^ — for the equilibrium chemical potentials 



(or Fermi energies) of the QPC reservoirs in the absence 



which is associated with particle transfer processes, with 
interactions between the qubit and QPC being properly 
accounted for. The dispersion function D),^, (w) can then 
be evaluated via the Kramers-Kronig relation. 
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where V stands for Cauchy's principal value. Physically, 
the dispersion accounts for the coupling-induced energy 
renormalization of the internal energies [40|-|43| . 

In order to account for finite bandwidth of the QPC 
detector, we introduce a single Lorentzian to model the 
band structure. Real spectral density has a complicated 
structure, which can be parameterized via the technique 
of spectral decomposition [4J) Sa] • This complexity, how- 
ever, will only modify details of the results, but not the 
qualitative picture. For the sake of constructing analyti- 
cal results, we assume a simple Lorentzian function cen- 
tered at the Fermi energy for the spectral density Eq. ^ . 
Moreover, the bias voltage is conventionally described by 
a relative shift of the entire energy-bands, thus the cen- 
ters of the Lorentzian functions would fix at the Fermi 
levels. Without loss of generality, we assume [3^ 
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The asymmetric qubit-QPC coupling parameter is of 
Xa > Xb, as inferred from Fig.[T] The coupling spec- 
trum function of Eq. © can be evaluated as C^^, (uj) = 
XsXs'C^^H^), with 



CW(c.) = 



r]g{x) 



— {0(O)~<^(x)}-|^(a:) 
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x=uj±V 



Here, rj = 27rr$^r^, g{x) = Aw^/{x'^ + 4w^), and V = 
Ml — Mr the applied voltage on the QPC detector; (j){x) 
and ip{x) denote the real and imaginary parts of the 
digamma function ^(5 + (3 '"^"^ ) , respectively. Knowing 

the spectral function, the dispersion function D],^, (lu) = 



XsXs'-D^^^(a;) can be obtained via the Kramers-Kronig 
relation. It is worth mentioning here that the present 
spectrum functions satisfy the detailed-balance relation, 
i.e. C(+)(w) = e-^('^+^)C(-H-w), which means that 
our approach properly accounts for the energy exchange 
between the qubit and the detector during measurement. 



Here, the first term C{- • ■ ) — [^qu, (•••)] i^ ^^e qubit 
Liouvillian. The memory kernels XIq and n± describes 
the influence of the QPC detector on the dynamics of the 
qubit, while the inhomogeneity g^^' accounts for initial 
correlations between qubit and detector. 



III. PARTICLE-NUMBER-RESOLVED MASTER 
EQUATION 



The non-Markovian dynamics of the reduced system 
is described by a time nonlocal quantum master equation 
|35| . To achieve the description of the output character- 
istics, we unravel the reduced density matrix p{t) into 
components p^^'{t), in which 'W is the number of elec- 
trons passing though the QPC during the time span [0, t]. 
The resultant time nonlocal 'W -resolved quantum mas- 
ter equation reads ^5,, 30,-33| 



+ eW(i), (10) 
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We assume that the system evolves from to = — oo, 
such that the electronic occupation probabilities at t = 0, 
where electron counting begins, have reached the station- 
ary state, i.e., p(^)(t = 0) = Sn^p""*-, with p*'* = p{t -> 
cxj). For this model, the "iV" -resolved quantum master 
equation in the Laplace domain reads 



^p(^)(z) - Sm,op'' = -i/:p(^)(z) - {no(z)p(^)(z) - n+(z)p(^+i)(z) - ii-{z)p^''-'H^)} + q^'^X^), (n) 



where 
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with Qss' = Qlgi + Qss' ■ Note here due to finite band- 
width of the QPC detector and quasistep feature in the 
Fermi functions in Eq. ^ , Q),J decays exponentially 
when Lu goes beyond the bandwidth. As a result, the 
resolvent of the kernels 110(2:) and n±(z) vanish in the 
limit a; -T> cx). The finite-frequency-support feature of 
^ss' ^^^^ have important impact on the measurement 
effectiveness of the QPC detector. 



The unraveling of the density matrix in Eq. (llOp allows 
us to evaluate the probability distribution for the num- 
ber of transferred charge P{N,t) — tr{p*^^-'(t)}, where 
the trace is over the reduced system degrees of freedom. 
All the cumulants of the current distribution can be ob- 
tained, consisting a spectrum of full counting statistics. 
For instance, the first cumulant is directly related to the 
average current through the QPC, I{t) = J^n NP{N,t). 



By using of Eq. (fTU)) , it is given by 
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The stationary current thus reads 

I = I{t^ 00) ^ tr{ J_ (z)p"'}, 

with 

J±(z) = n_(z)±fl+(z). (15) 

The second cumulant of the current distribution cor- 
responds to the shot noise. To study the finite- frequency 
spectrum, we employ the MacDonald's formula [4^] 



S{uj) = 2uj dtsm{ujt) — [{N^{t))~{ItY], (16) 
Jo di 



with (N^it)) = J^N^'^Pi^^t)- By utilizing Eq.dlO])), 
the shot noise is simphfied to 



S{uj) =2ulm[ti{2 J^{z)N{z) + J+(z)p"*(z)}]|, 



(17) 



where p^^{z) — p^^/z, and N{z) the counterpart of 
N{t) — J2n-^P^^H'^) in ths Laplace domain. It can be 
solved from the following algebraic equation 

zN{z) = -iCN{z) - tl{z)N{z) + J_{z)p'^{z), (18) 
where n(z) = ilo{z) - n+(z) - n_(z). 

IV. RESULTS AND DISCUSSIONS 

In continuous weak measurement of a qubit, one of 
the most important signatures is the resonance peak 
at frequencie s around the hybridization energy A = 
•y/e^ + (2r2)2. The basic physics of the measurement 
process is a trade-off between acquisition of information 
about the state of the qubit and backaction dephasing of 
the system. The measurement effectiveness of the detec- 
tor is characterized by the signal-to-noise ratio (SNR) 



SNR: 



^(A) ~ gp 



where Sp = 5(a; — > oo) is the pedestal of the noise spec- 
trum. The SNR provides the measure of detector "ideal- 
ity", i.e., shows how close the detector can be quantum 
limited. 

In the Markovian limit, there is a fundamental limit 
imposed on the SNR, i.e., equal to four, which is known 
as the Korotkov- Averin (K-A) bound [3^ . This is a uni- 
versal limit, independent of the coupling strength be- 
tween the detector and system. In the presence of a 
strong non-Mar kovian effect as we discuss here, the re- 
solvent of the kernel Ii±{z) decays exponentially due to 
its finite-frequency-support feature, and approaches zero 
as w — > cxD. Thus the pedestal of the noise is completely 
suppressed, which results in a strong enhancement of the 
SNR, and eventually leads to a drastic violation of the K- 
A bound. Physically, the finite-frequency-support char- 
acteristics restrict the channels for electrons to transfer 
between the QPC reservoirs, which is accompanied by 
the energy hiu absorption and emission of detection. 

The bandwidth of the QPC detector is another essen- 
tial quantity that can influence the non-Markovian dy- 
namics. For a narrow bandwidth, the channels that elec- 
tron can transfer between the QPC reservoirs are very 
limited, thus the non-Markovian effects on the qubit dy- 
namics are suppressed, which results in prominent reso- 
nant peaks, particularly at large measurement voltage, as 
shown by the solid curve in Fig. [2Kb). An decrease in the 
measurement voltage enhances non-Markovian dynam- 
ics, and thus suppress resonant peak, see the solid curve 
in Fig.[2Ja). More channels open whenever the band- 
width increase. It leads to a growing non-Markovian 
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FIG. 2: Noise feature for a symmetric qubit (e = 0) for various 
bandwidths (w) at measurement voltages (a) V/A = 5 and (b) 
V/A — 50. The temperature is /3A — 1. Other parameters 
are rjA'^ = 2, Xa = 0.8A and Xb = 0.2A. 



effect on the dynamics of the reduced system, which sup- 
presses coherent tunneling between the two dots. As a 
result, the peak height is reduced and line broadens to- 
wards the lower frequencies, as illustrated in Fig.l^Ja) and 
(b). 

At low bias voltage, the coherent jumps cannot be de- 
stroyed completely even in the wideband limit, as we have 
verified numerically. However, for a large voltage and 
bandwidth, the resonant peak is completely smeared [cf. 
the dash-dotted curve in Fig. [2Kb)] , in contrast to the pre- 
vious results that resonant peaks exits in the Markovian 
regime and wideband limit |37H39l |47| . In this regime, 
a strong non-Markovian effect attempts to localize the 
electron in one of the dots for a longer time, leading thus 
to a complete transition from coherent to incoherent elec- 
tron jumps. This is a clear signature of quantum Zeno 
effect due to strong non-Markovian effect. Eventually, 
the oscillation line turns into a spectral peak at zero fre- 
quency. 

The effect of temperature on the noise spectrum are 
displayed in Fig. [31 where complex relaxation and de- 
phasing of the qubit are involved. As the temperature 
rises, there is a remarkable increase in the dephasing rate, 
which leads to a suppression and broadening of the res- 
onance peak, as shown in Fig.[3Ka) and (b), for narrow 
and broad bandwidths, respectively. For a sufficient large 
temperature (for instance, k^T — lOA), a large dephas- 
ing rate results in a strong freezing of qubit; however, 
finite qubit relaxation induced by inelastic tunneling in 
the QPC gives rise to a delocalization of the electron, 
and thus suppresses the telegraph noise peak near zero 
frequency. Nevertheless, the spontaneous relaxation dis- 
cussed here does not completely destroy the incoherent 
peak, refiecting the survive of the Zeno effect [see the 
solid curve in Fig. [3Kb)]. This is in contrast to Ref. JS^], 
where the relaxation resulted in the disappearance of the 
Zeno effect. 
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FIG. 3: Noise spectrum of a symmetric qubit at various tem- 
peratures for different voltages and bandwidtfis. Tfie otfier 
parameters are the same as those in Fig.[2l 



For a large measurement voltage and narrow band- 
width, the channels that electrons can pass though the 
QPC is markedly limited, due to large mismatch of the 
Fermi energies of the left and right QPC electrodes. In 
this regime, electron coherent jumps dominates, and the 
resonant peaks is robust against the temperature, as 
shown in Fig.|3l[c). Unambiguously, this provides an ef- 
fective way to manipulate coherent oscillations of a qubit 
under continuous measurement. An increase in band- 
width enhances non-Markovian effect, which tends to 
localize electron in one of the dots, leading thus to in- 



coherent jumps, as indicated by zero-frequency peaks in 
Fig.IHd). Strikingly, there is a complex balance between 
localization and delocalization due to qubit dephasing 
and spontaneous relaxation, respectively. Eventually it 
gives rise to a spectrum insensitive to the measurement 
temperature. 



V. CONCLUSIONS 

In summary, we have investigated the dynamics in con- 
tinuous electric measurement of a charge qubit, with spe- 
cial attention paid to the non-Markovian measurement 
characteristics. The finite-frequency-support feature in 
the non-Markovian domain leads to a complete suppres- 
sion of the noise pedestal, which causes a drastic viola- 
tion of the Korotkov-Averin bound. For a large band- 
width and voltage (w,T^ ;» A), strong non-Markovian 
correlations result in a coherent to incoherent transition, 
which diminishes the resonant peak in the spectrum. At 
a large voltage but narrow bandwidth, the electron coher- 
ent jumps remain robust over a wide range of tempera- 
tures, which could be utilized as an effective approach to 
manipulate coherent oscillations between two quantum 
states. 
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